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For the torsion of nanotubes in nonlocal differential model, under uniform
moment loading and linear moment loading along the nanotube as well as
concentrated moment load at the free end, the solution is independent of
scale parameter and chirality. While for nonlinear and sinusoidal
moments, the solution depends on the scale and is independent of
chirality. In this study, a new approach is applied using doublet mechanics
(DM) where the governing equation are obtained using shell equilibrium
equations and solved by angular displacement expansions with
considering the scale parameter. With this approach, unlike the other
methods, the effects of scale parameter and chirality are considered
simultaneously. It is shown that angular displacement increases by
increasing the scale parameter for different types of moment loading and
boundary conditions. On the other hand, a Zigzag chirality has a lower
torsional stiffness compared to an Armchair one. To validate the obtained
result, the results of this work are compared with the nonlocal theory,
integral nonlocal-finite element method (FEM) and molecular dynamics
(MD) simulation results. Good agreement is observed specially with the
two latter approaches.

Keywords: Scale parameter; Doublet mechanics; Chirality; Single-walled
carbon nanotube; Torsion.
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1 Introduction

In solid mechanics, in terms of mass distribution,
two main models can be used, which include
discrete and continuous models [1]. Engineering
structures such as nanobeams, nanotubes, and
nanospheres cannot be modeled with classical
engineering relationships, and then a discrete
model is needed for their analysis. scale parameter
refers to the size range of materials being studied,
typically measured in nanometers (nm), which is
one billionth of a meter. Carbon nanotube was first
discovered by Lijima in 1991 [2]. Single-walled
carbon nanotubes (SWCNs) have unique
properties highly dependent on their arrangement
or chirality and their microscopic structure [1]. For
this reason, a number of articles have investigated
the effect of chirality on the properties of
nanotubes using molecular methods [3-5] and shell
model [6]. Because the local theory is a scale-
independent theory, Eringen [7] used the non-local
model of continuum mechanics and introduced the
scale effect into the formulation.

The static and dynamic torsional behavior of
circular nanosolids including nanotubes was
studied based on the theory of non-local elastic
stress field by Lee et al [8]. Their model presented
different results in contrast to the traditional model
that reported a reduction in hardness. Li [9] also
presented the non-local shear stress field for
torsional analysis of cylindrical nanostructures
such as nanotubes, nanorods and nanoshafts and
concluded that the torsional stiffness of
nanostructures tend to get tough when the
nonlocal effects are considered. Arda and Aydogdo
[10] have investigated the static and dynamic
torsion of carbon nanotubes (CNTs) located in an
elastic bed using the theory of non-local elasticity.
But the effects of scale and chirality in uniform and
linear moments loading for nanotubes without
elastic substrate did not appear. Lim et al. [11]
developed a new nonlocal finite element method to
solve the nonlocal integral equations of nanotubes
in static and dynamic modes. Anyway, nonlocal

theories are a simplified model without
considering the properties of microstructures.
Molecular methods are among the most common
methods in solving micromechanical problems.
One of the most popular of them is molecular
dynamics (MD) simulation. Predicting the
mechanical properties of materials is one of the
abilities of this method, which is done with proper
accuracy. For this reason, many researchers have
studied nanotube torsion using the MD method
[12-15]. Xiong and Tian [16] found that by using
MD simulation, Armchair nanotube shows better
torsional resistance compared to Zigzag one. Wang
et al. [17] simulated twisted carbon nanotubes by
MD method and showed that the shear coefficient
of carbon nanotubes increases with increasing
radius of the tube. Yuji and Shijionobu [18]
evaluated the torsional deformation of SWCNs
using MD simulation. They realized that the
torsional deformation results have a linear
relationship between the torsional moment and the
torsional angle per unit length. Among other
molecular methods that solve the torsion problem
is molecular structure mechanics [19]. Lasik et al.
[4] used molecular mechanics models for SWCNs.
They concluded that the torsion angle is small and
decreases with the nanotube diameter. Anyway,
MD simulation has a high volume of calculations
despite the relatively appropriate accuracy, and for
large systems, due to the presence of longitudinal
dimensions in the nanoscale, it requires spending a
lot of time and money.

Another model that researchers are interested in
for analyzing the torsion of nanotubes is the shell
model. Fuatta and Podioguidogli [6] investigated
SWCNs with arbitrary chirality using the shell
model, but did not use any scale parameters in their
analysis. Khadem al-Hosseini et al [20] investigated
the size effects in the torsional response of SWCNs
by developing an improved nonlocal continuous
shell model and also used MD simulation.
Numerical methods such as finite elements [21]
and meshless [22] are also another group of
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methods used to investigate the torsion of
nanotubes.

Another theory that has been of interest to
researchers in recent years is DM. This theory was
presented by Granik [1] and then developed by
Granik and Farari [23]. DM presents a discrete
physical model of solids, in which solids are defined
as a set of points and nodes at definite or indefinite
distances. Each pair of such nodes is known as a
doublet. The use of micro-stresss and micro-strains
is the basis of the DM method. DM equations have
several major features. First, they are differential
governing equations that make it easy to find a
solution. Secondly, the governing equations include
scale parameters explicitly. By using DM, chirality
effects can be entered into the equations using the
chiral angle but this method, like other nanoscale
methods and theories, provides a non-scale
solution for in a very limited number of loadings
and boundary conditions, which can be improved
using this method. Also, for greater accuracy, a
larger number of terms of the scale parameter is
required. Using these features, Ebrahimian et al.
investigated the effects of scale parameter and
chirality simultaneously in the bending of
nanobeams [24] and the torsion of nanotubes [25].
Among the works done by DM on SWCNs, we can
mention the vibrations of nanotubes [26-29] and
nanotubes located in elastic bed [30]. Haghgoo et
al. developed a two-step analytical model based on
a percolation network model and electron
tunneling theory to predict the electrical resistivity
and percolation threshold of a hybrid
nanocomposite system comprising carbon black
(CB) and carbon nanotube (CNT) [31]. Noureddine
et al. investigated the effect of chiral index and
chiral angle dependent from diameter on vibration
of SWCNTs using nonlocal Euler-Bernoulli beam
model [32]. One of the applications of investigating
the torsion problem of nanomaterials using the
nonlocal method is to analyze and investigate the
problem of cracking and damage. Modeling and
analysis of fatigue life as well as the stress intensity
factor in beams with cracks have also been

investigated in [33 and 34]. On the other hand, the
detection of damage and cracks in plate and
cylindrical structures has also been investigated
using new methods in [35 and 36].

Ebrahimian et al. analyzes the nonlinear coupled
torsional-radial vibration of single-walled carbon
nanotubes (SWCNTs) based on DM method and the
results obtained with this method are compared
with the fourth order Runge-Kuta numerical
results and good agreement is observed [37].
Ebrahimian et al. delves into the nonlinear buckling
behavior of a composite rectangular plate
reinforced with graphene nanosheets, employing
the third-order shear deformation principle. They
understood the incorporation of graphene
reinforcement notably enhanced the buckling load,
with a mere 0.5% increase in graphene mass
leading to a threefold rise in the buckling load [38].
In this paper, the torsion of the single-walled
nanotubes is analyzed by using the shell balance
equations in the cylindrical coordinate system with
the help of DM, taking into account the effects of
scale parameter and chirality explicitly. Also, a
comparison should be made with the response of
the nonlocal theory, which provides scale-
independent responses for uniform, linear and
concentrated moment loadings at the end of the
nanotube. In any case, by using DM, the torsion
analysis of nanotubes can be performed with
proper accuracy, minimal assumptions in the
governing equations and boundary conditions and
also relatively less amount of calculations. On the
other hand, this method is economical and time
saving compared to MD simulation.

2 Briefreview of DM

The structure of DM is based on a pair of
geometrical or doublet nodes similar to what is
shown in Figure 1. In doublets, it is possible that the
relative separation of doublet nodes, the rotation of
particles around the doublet axis, and the sliding of
particles from their contact point, respectively
cause microstrains of elongation €, torsion p, and
shear y, respectively.
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In accordance with these microstrains, according
to Figure 1, microstresses of elongational pg,
torsional m,, and shear t, can be defined. The first
approximation of the relationship between
microstresses and microstrains transforms the DM
equations into Cauchy equations for nonpolar
media and Causerat equations for polar media.

According to Figure 2, in the doublet (a, b,), the
vector {J that extends from the node a to b, is
called the doublet axis. The unit vector of this

0
vector is denoted by t9. If n, = |¢%| thent§ = E—:na

is called scale parameter or doublet length.

Figure 1- a doublet [26]

Using the simple geometry shown in Figure 2,
microstrains can be expressed in terms of
displacement vectors, rotations and their
derivatives [1 transform to 37]. The equations in
which the microstrains are expressed in terms of
displacement and rotation vectors include the
geometry of the network and internodal distances.
Therefore, DM is a scaled theory.

In DM, it is assumed that each node has a vector of
partial increase in rotation and displacement,
which can be expanded as a convergent Taylor
series around the network nodes. The order which
this series is approximated is denoted by M.
Approximation M = 1, which is referred to as a
scale-free approximation, does not contain any
information about the size of particles or distances
between nodes which leads to classical continuum
mechanics theory.

Figure 2- transition and rotation of the doublets

If in Figure 2, T3 is the doublet axis in the initial
state and {, is the doublet axis in the transformed
state, the following relationship is established:

Ca = Zg + Aug 1)

In Eq. (1), a=1,2,..,n denotes the number of
doublet and Au, is the vector of partial
displacement increase. If u(X,t) of the
displacement field represents the transfer from
node a to its neighbor in Figure 2, then the partial
increase vector Ay, is written as follows:

Aug =u(x+ 3%, t) —u(x,t) (2

where x is the position vector of the particle

Eq. (2) can be expanded by Taylor convergent
series around the neighborhood of arbitrary node
a by approximating M.

X
Aug = THL; 2 (6. VP¥u(x 1) 3)

In Eqg. (3), the dot sign indicates the inner product
and V is the gradient operator in the general
coordinate system.

We assume that the relative displacement between
the nodes and the elongation microstrain in DM are
small, that is, Au, < 1, and €, < 1. With these
assumptions, the angle i, between t, and Tt in
Figure 2 is very small, that is, Yo < 1, s0 T4 = 4.
So we have [1]:

0
€0 = TaAug (4_)

Na
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We put Eg. (3) in Eq. (4) which results to.

-1
€ = Ty o ed (1. Ve ) (5)
Eq. (5) expresses the relationship between axial
microstrain in terms of displacement in DM. Using
the definitions of microstresses based on strain
energy and microstrains, as well as setting the first
variation of the governing equation equal to zero
for the medium with elastic microstructure, the
following equations are obtained [1].

a) Linear momentum conservation equation:

x-1
b= Xy (X1 % (T8 V)X (tai + Pe) + Fi =

62111

P e (6)

b) Force boundary conditions at level S:

x-1
_1M _
Ny, Yo—1 Tgkr 2)1\(/[:1(_1))( ! _;! (0 VX" (to +

Pui) = Tidp1 (7)

In Egs. (6) and (7), n is a vector perpendicular to
the surface of S and &, is Kronecker's delta. If M=1,
thenr =1,butif M > 2,thenr =1,2,...,M — 1. In
any case, it must be r+ 1<y, otherwise

'rakm'rgkm ...tgkx = and we ignore the
differential expressions in Eq. (7), that is,
X)) = ().

In this article, we consider only the axially
interaction between particles, that is, p, # 0, m, =
tei = 0. Assuming the same temperature and
homogeneity of materials, the equation between
axial microstress and axial microstrain is obtained
as follows:

Pa = ZE:IAOLBEB (8)

In this equation, Ayg is the symmetric matrix of
micromodules, which is a constant value for
homogeneous materials. The matrix [A] contains
the macroelastic constants obtained for a two-
dimensional plane problem using Figure 3. In
Figure 3, the coordinates of the plane are
represented by 6; — 6, and we have only three
pairs with the same angle of 120 degrees to each
other.

6. =0
A
Ty
YL
“
NA'D
6 =z% —
g
/
¢ AT .

Figure 3. Three doublets with equal angles
between them
For the two-dimensional and isotropic problem in
DM, the matrix [A] is a three-order symmetric
matrix in the following general form [26]:

a b b
A=|b a b] )
b b a

It can be shown that the matrix coefficients [A] for
isotropic materials are independent of direction
[27]. In addition, the coefficients a and b under
plane stress conditions are determined as follows.

_ 4 7A+10p _4 A2y
ToF a+2p 7T T 9P a+2p

(10)

In Eqg. (10), p and A are Lamé coefficients. In the
case of plane stress, if b = 0, then the matrix [A] will
be diagonal and the amount of calculations will be
greatly reduced. This happens when A=2p or
v=1/3.

a=Ay=%=F (11)

If we consider Eq. (8) for local interaction and non-
polar environment, then micromoduli of elasticity
will be Agg = Aq8qg- If the local interaction is also
homogeneous, i.e. the micromoduli of elasticity are
the same for each pair, it can be assumed that A, =

Ay. Therefore, Eq. (8) is reduced as follows:
Po = Ao€q (12)

3 Modeling SWCNs

SWCNs described as a single layer of graphite
crystal wrapped into a seamless cylindrical shape.
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The theoretical approach to nanotubes is formed
by defining the indices relative to the lattice vectors
on the hexagonal plane from which the tubes are
formed. A tube is defined by defining a specific
environment vector.

C= nqa, + nyd, (13)

In Eq. (13), n; and n, are integers, a, and a, are
lattice unit vectors and C is a chiral vector. It is
possible to form a nanotube by mapping the origin
to the point (nq,n;). Other parameters of SWCNs
such as diameter D and chiral angle & can be
calculated using n; and n; [3].

D= (@) (0,2 + nyn, +n,2) 72 (14)
A -1 \/§n2
6= an” (25) (15)

In these equations, 7 is the scale parameter in DM,
which is considered equal to 0.142 nm for the
carbon atom [26]. Due to the symmetry of the
honeycomb network, ie. (nq,n;) = (ny,n,;), the
chiral angle 8 will be in the range of 0 < 8 < 30. If
n, = 0, that is (ny,0) or 8 = 0, it is Zigzag and if
n, = n; = n, thatis (n,n) or & = 30, it is Armchair
and others The angles are called chiral [3].

4 DM model for macroshear
stress equation in nanotube
torsion

The surface force vector, T, is defined as follows:

T = oying (16)

Using Egs. (7) and (16), considering r =1 and
assuming the existence of axial microstress, the
following equation is obtained:

O.(M) = yn_ 10 .0 ZM (_1))(—1‘1)0((_1 (‘EO v)x-1
ij = Za=1Tailaj Zix=1 MRS P«

(17)

Eq. (17) is called macrostress equation in terms of
microstress in DM theory and general coordinate
system. By using Eqs. (5), (12) and (17), the
macrostrain equation is obtained in terms of

macrostress in DM for SWCNs that consist of three
pairs with the same lengths and angles.

M) _ y3 0.0 [0 (0
Ojj = Xa=1A0TqiTj |Ta- (Ta- 8) +

I CACRCRICRS))] (18)

In Eq. (18), considering the cylindrical coordinate
system shown in Figure 4, strain &, gradient
operator V and displacement u are defined as
follows:

e=1((Vu) + (Vw)T) (19)
a 10 a

V= Eer+;%ee+£ez (20)

u = ue, + ugeg + u e, 21

In this paper, Love's first approximation
assumptions are considered:

. All  points located on the line

perpendicular to the middle plane will

remain perpendicular after deformation,

. M
that is, transverse shear stresses 0'1(.2 ) and

G%D are ignored.

. Displacements are small compared to
the shell thickness.

. The vertical stresses in the direction of

the thickness 03") are ignored, which is
for plane stress.

0,uy

Al
T Uy

Z,U,

middle surface

pEv

Figure 4- nanotube in cylindrical coordinate
[28]

By studying the torsional deformation of
homogeneous and uniform cylinders, it can be
assumed that u, = u, = 0 and ug = ug(z). In these
assumptions, due to the very thin thickness of the
SWCNs, changes in the direction of the radius have
been ignored, and axial displacement has also been

neglected. Due to axial symmetry % = 0. According
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to Figure 3, we can conclude that T4, = 0.
Therefore, the following relations are established:

0 ar r

0 =[Tae|,V=|0],Vu=[0ue o 2ue| (22)
T i ar 0z
oz P) 0 0 0

With the help of Egs. (19) to (22) and the non-zero
derivatives of the unit vectors in the cylindrical
coordinate system, the terms of Eq. (18) can be
obtained in terms of the only non-zero
displacement Ug.

(]M) = 1A0Ta1Ta] [(Tae)(Taz)

T1];( 12 ( aS) ( gZ) 0“9 + (Tae)(Taz)S z “9)] (23)

aue

Based on Love's assumptions for a one-
dimensional elastic SWCN, the only non-zero shear
stress Component is obtained as follows:

o = ¥3_1 Ag [(Tae) (t&)* 3} Bue +
5(—%@@ (x3,)2 2 ¢ (e )] (24)

Considering Figure 3, the directors can be obtained
along the length, radius and around the nanotube.

19, =—cosb 1% =-sin8 ,.=0 (25)
13, = sin(30 — 8), 19 = cos(30 — 8) , 13, =0 (26)
13, = cos(60 — 8),195 = —sin(60 — 8) , 73, = 0 (27)
By putting Egs. (25) to (27) in Eq. (24) and

simplifying it, the following equation can be
reached:

o0 = G["“"+ (——f1(9)6“9+f2(6)6“")] (28)
wherein

£,(8) = ((sin8)"(cosd)") + ((cos(30 -

8))" (sin(30 — 8))°) + ((sin(60 — 8))*(cos(60 -
8))°) (28-a)

f,(8) = ((sin8)*(cos)") + ((cos(30 -
8))’ (sin(30 — 8))") + ((sin(60 — 8))*(cos(60 -

Ay 4

9))") (28-b)

which in plane stress conditions G = 3R
2(1+v) 8

3 Eqg. (28), in fact, is the shear macrostresss

equation in a cylindrical coordinate system for a
SWCN under the influence of torsion with the
explicit consideration of the scale parameter and
the chirality angle. It is clear that by setting the
scale parameter equal to zero, the equation of local
theory is obtained. It can also be seen that the
classical equation is independent of chirality, while
the DM equation is dependent on the angle
between the doublets.

5 Shell equilibrium equations in
DM

The general relationship for the result of forces Nj;
and the result of moments M;; is defined as follows
based on terms of macrostresses [39] in DM:

h
f h O'(M) dr, Mj= fzh G(M)I‘ dr (29)

The equlllbrlum equatlons of the thin shell in
cylindrical coordinates are obtained as follows
[40]:

%+ia§gz+pf =0 (30)
%+%‘7§%+Ner+pf =0 (31)
Tor 22000 T00 4 pf, =0 (32)
Bl 4 2202 4 pl, = Ny (33)
Zho 2800 1 Ror 4 plg = Noy (34)
e %%—M“+pl — Ny (35)

In Egs. (30) to (35), p, f, and 1 are the mass density,
force density, and couple per unit mass of the
surface, respectively.
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6 The governing equation for
torsion of nanotubes

With the Taylor expansion of Eq. (28), around the
middle surface, the second terms of the expansion
can be omitted due to the small thickness in the
nanotube. Finally, by putting Eq. (28) into Eq. (29),
the following relations are obtained:

“onfae (g o))
(36 a)

Mg, =0 (36-b)

= £,(8)52 Mo 4 g,

According to the assumptions mentioned in section
2 and Egs. (36), Egs. (30) to (35) are reduced to the
following equations:

20t pfg=0 ,Z24plg =0 37)

By inserting Eqgs. (36) into Egs. (37) and the
relation ug =R¢p where ¢ is the angular
displacement, the following equation is obtained:

Glp ﬁ+—(— 2 1,(8)22 L +f2(é)‘;71’)] +T=0
(38)

In Eq. (38), Ip is the polar moment obtained for the
circular cross section of the thin wall from the
relation Ip = 2mR3h and T is the moment per unit
length. Eq. (38) is actually the governing equation
for torsion of SWCN considering chirality and the
scale parameters at the same time. For the torsion
problem of thin tubes, the product of the shear
stress by the thickness is always a constant
number. Therefore, the torsional moment in DM is
calculated as follows:

T, = [ oy hrds = 2A,ho Y (39)

In Eq. (39), A, = mR? is the area created by the
cross section of the middle layer. Therefore, by
replacing Eq. (28) in Eq. (39), the following
relationship is obtained:

Te=Glp [22+ 20 (- 2£,(8) 2+ ,(8) 22)] (40)

It is also clear in this equation that by setting the
scale parameter equal to zero, the classic equation
of torsional moment is obtained.

7 Single-walled nanotube under
uniform moment load

In this case, the uniform moment load is defined
as T =T,. Therefore, Eq. (38) is rewritten as
follows:

Glp [22 4+ 20 (= 2£,(0) 22 + £,(8) 22)| + T, =
0 (41)

According to the solution of the problems by the
DM method, the angular displacement can be
expanded as follows:

¢ = o +nd; + 1%, (42)

In Eq. (42), ¢ is the angular displacement in
classical elasticity, and ¢; and ¢, refer to the
angular displacements under the influence of the
scale parameter. By inserting Eq. (42) into Eq. (41)
and sorting it based on the first three powers of 7,
the following equations are obtained:

0 b _ _ To B
== . (43-a)
s Zho (43-b)

% 2f1(8) 924 2f,(8) a*¢
T~|2 = 6222 - 311£2) 6220 + 29( ) 6240 =0 (43-0)

To make the governing equations dimensionless,
the following definitions are used:

Glp - Glp

=, b=dr5, =0 (44)

In these relations, T, and T; are respectively the
spread moment load along the length of the
nanotube and the concentrated moment load at the
free end of the nanotube.

Clamped-clamped boundary condition

For the two ends clamped boundary condition, the
angular displacement at both ends of the nanotube
is zero. Therefore, considering Eq. (42), the
following boundary conditions are established at
z=0andz=1L
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M°=2¢y=0, n'=2¢; =0, *=¢, =0 (45)

By solving Egs. (43) with the help of boundary
conditions (45) and applying definitions (44), the
following relationship is obtained:

FOM = (_§+ z) +n2f1(§) (-7% +7) (46)

2 3R?

In Eq. (46), for the first time, chirality and scale
effects are simultaneously and explicitly
considered for the torsion problem of single-walled
nanotube under uniform moment load and double
clamped end boundary conditions. By setting n=0,
the local theory solution is obtained. For this
problem, the nonlocal theory [10, 11] provides a
scale-free solution and is unable to consider the
effects of the angle between doublets and the scale
parameter. Eq. (46) for Zigzag and Armchair is
obtained as follows:

8 — FOM _ 7z 3 oo o
0=0= dzigrag = 2+§+32R2(zz +2) (47)
A —oM) 2 %, n o
0=30= q)Armchair - _7+E+ 32R? (-z2°+72)

(48)

By observing Eqs. (47) and (48), it can be
concluded that the amount of angular displacement
of Zigzag and Armchair increases compared to the
classical case, that is, DM in the scaled state
produces a softer nanotube than the local state. The
result obtained from DM is different from the
nonlocal theory [10, 11] and agrees with the
prediction of the integral nonlocal finite element
method [11].

From the comparison between Egs. (47) and (48),
it is clear that Armchair nanotube is harder than
Zigzag one. It can also be concluded that as much as
the scale parameter is important, chirality is also
important and affects the behavior of nanotubes.

Clamped-free Boundary condition

For this boundary condition, the same boundary
condition (45) is established at z = 0. But at the
free end at z=L, taking the derivative of Eq. (42) and
setting it equal to zero, the following boundary
conditions are obtained:

9o
0z

=0, n'=> =0, n2=2= (94

0
=
n 0z

By solving Egs. (43) with the help of boundary
conditions (45) and (49) and using definitions (44),
the following result is obtained:

O™ = (_? + z) + "2;;12(26) (—Z2 + 22) (50)

While the nonlocal theory [10, 11] for the clamped-
free boundary condition also provides solutions
independent of the chirality and scale parameters,
in Eq. (50) these parameters exist explicitly and
simultaneously. Eq. (50) for Zigzag and Armchair is
as follows:

A — =OM) _ _Z _ _ 30 o o
0=0= zigrag =—5+ f + o (ZZ +27)(51)
A —(DM) _ Z _ n _ _
0=30= bpmenair = —5 tZ+ 5 (-z% + 22)
(52)

As it is clear from the Egs. (51) and (52), DM
predicts the softening of the nanotube in both the
Zigzag and Armchair states in the clamped-free
boundary condition compared to the local or
classical case. This prediction agrees with the
integral nonlocal finite element method [11].

Also, in this case, the angular displacement of the
Zigzag nanotube is more than that of the Armchair.
Therefore, it can be concluded that in both double
ends clamped and single end clamped boundary
conditions, according to the prediction of DM, the
change of chirality from 0 to 30 degrees creates a
harder nanotube. This issue determines the
importance of chirality effect.

8 Single-walled nanotube under
linear moment load

In this part of the present work, the linear moment
load T=T, Z/L is considered and Eq. (38) is

written as follows:

Glp [22+ 25 (- 2£,(8) 22 +£,(8) 2.2) | +

0z2 9 liAd

Eq. (42) is placed in Eq. (53):

0 % _ Toz )
=5 = GIpL (54-a)
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nl= % =0 (54-b) 9 Single-walled nanotube under

2 _, %0, _ 26,(8) 0%y , 26,(8) 9%y _ concentrated load at the end
n= 0z2 3R2  9z2 + 9 azt 0 (54-(:)

Two ends clamped boundary condition

By solving Eq. (54) using boundary conditions (45)
at z=0,L and applying definitions (44), the
following result is obtained:

240+ 700 (g 49 (55)

FOM = (_

By setting the scale parameter equal to zero, the
solutions of local and nonlocal theories [10], which
are also independent of the chiral angle, are
obtained. By changing the chiral angle, the angular
displacement for two Zigzag and Armchair
arrangements can be obtained as follows:

_ , g _ 7z

6=0 cI>Zlgzag - 7% 6 32R2( z° +2) (56)
_ oM Bz

6=30= ¢Armchair - _z+g %Rz( z° +72)

(57)

Clamped-free boundary condition

By solving Egs. (54) with the help of boundary
conditions (45) at z=0 and (49) at z=L and using
definitions (44), the following result is obtained:

HOM) = (_§+ 2) 40 fl(e)( 73 + 37) (58)

Eq. (58) also depends on both chirality and scale
parameters, unlike the nonlocal theory [10]. For
Zigzag and Armchair, Eq.n (58) is reduced as
follows:

O™ 2oz,

0=0= dyigpag =~ 5+ 5w (-Z° +32)(59)

_ —(DM) Bz n? = -
6=30= P armchair = T + 2 + 96R2 (_23 + 32)
(60)

As it is clear from Egs. (55) to (60), DM in linear
moment load also provides scale-dependent
responses for different chirality. Also, the
equations show that, similar to the uniform
moment load, for both one-end and two-end
clamped boundary conditions, the Armchair has
more torsional stiffness than the Zigzag.

In this case, the concentrated moment load enters
the problem through boundary conditions.
Therefore, Eq. (38) is reduced as follows:

Glp [22+ 20 (= 2£,(8) 22 + £,(8) 22)] = 0(61)

Using Egs. (42) and (61), the governing equation
based on the power of the scale parameter can be
regularized as follows:

2
n° = % =0 (62-a)
1 0% _ R
nt= = 0 (62-b)

2 ) 2 ) 4
n? o L8 2070 | 20T _ g (g2

022 3R?  9z2 9 0z*

Clamped-free boundary condition

In this case, one end at z = 0 is kept fixed and the
other end at z=L is twisted. Therefore, the
boundary conditions (45) prevail at the fixed end.
Using Egs. (40) and (42), the boundary conditions
at the free end are determined as follows:

00 _ T1 i
L P Glp (63-a)
9Py
n'= 22 =0 (63-b)
N oL N AO L _
= 0z 3R 9z + 9 023 0 (63-c)

By solving Egs. (62) with boundary conditions (45)
and (63) and using definitions (44), the following
relationship is obtained:

O™ =7 + —anlez(—e)i (64)

For Zigzag and Armchair arrangements, the
following equations are calculated:

DM — 3 —

=0 = ¢;lgz;g =7+1-7 (65)
DM — n? _

0=30= Pmenair =2+ o5 ? (66)

According to Egs. (64) to (66), it is clear that the
response of DM, unlike the nonlocal theory [11],
depends on both chirality and scale parameters.




Torsion of single-walled carbon nanotubes using new nanomechanical model with considering the chiral effects 11

Also, the angular displacement similar to the
prediction of the integral finite element method
[11] has increased compared to the classical case.
In this loading, it has been shown that according to
the prediction of DM in other loadings, Armchair
nanotube is harder than Zigzag due to less angular
displacement.

10 Numerical results and

discussion

In this section, the numerical results for the torsion
of single-walled nanotubes are presented. The
results obtained from DM are compared with the
results of local theory, nonlocal theory [10, 11],
integral nonlocal finite element method [11] and
MD simulation [20]. Because it has been proven
that the MD simulation method is very close to the
experimental method, this paper compares DM
with MD [20]. Zigzag (10, 0) and Armchair (6, 6)
nanotubes with the specifications presented in
Table 1 are considered.

Table 1- specification of Zigzag (10, 0) and
Armchair (6, 6)

Zigzag(10,0)
5 T T T T 7
——Local.Nonlocal e
45F - - DM 7
s MD v
4 2
/e
/e
35} i
i
’f
= 3 7
= a
e #
z 25 73
=
=~ 2|
15F
1}
05
0 ) L
0 0.2 1 1.2 1.4

0.6 0.8
¢ (rad)
(@)

In order to verify the validity of the present work,
in Figure 5, the DM results are compared with the
results obtained from local and nonlocal theories
and MD simulation for Zigzag and Armchair
SWCNs. The torsional moment is considered to be
5 nN.nm. A good agreement has been obtained
between the results of MD simulation and the
present work. It can be seen that DM and MD
simulation [20] for Zigzag and Armchair cases
predict the softening of SWCNs compared to the

nanotube specification [20]
Chirality (nm) (nm)
G.h("N/nm) .
length | diameter
(10,0) 136.15 12.20 0.775
(6,6) 153.17 11.84 0.805

classical state while the nonlocal theory
corresponds to the local theory.
Armchair(6,6)
5 . .
Local,Nonlocal
45F = = DM
-------- MD
st
35F
~ 3f
£
a
Z 25
L=
= a2l
1.5F
i
0.5F
0 . . . .
0 0.2 04 4 (rad)®® 08 1
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(b)

Figure 5- Comparison of molecular dynamics (MD)
and doublet mechanics (DM) simulation results
for (a) Zigzag and (b) Armchair SWCNs

For another comparison, in Figure 6, the results of
DM are compared with the integral nonlocal finite
element method [11] for two-ends and one-end
clamped boundary conditions under uniform
moment load and concentrated moment load at the
end. The method of integral nonlocal finite
elements and DM in all cases predicts an increase
in angular displacement compared to the local
theory.

It is also clear that the angular displacement of
Zigzag is always more than Armchair, and this
means that Armchair is generally harder than
Zigzag with the same dimensions. This result
agrees with the prediction of MD simulation [16,
38] and finite element method [3]. In Figure 6, p =
(epa)? is the nonlocal scale parameter in the
integral nonlocal finite element method.

In Figure 7, the effect of chirality on the
dimensionless angular displacement of nanotubes
under the torsion influence has been investigated.
As can be seen, in all cases, with the change of the
chiral angle from 0 to 30 degrees, in various scale
parameters, the value of the dimensionless angular
displacement decreases. This issue once again
shows that zigzag is softer than armchair. It is also
clear that the classical state n = 0 is independent of
the chiral angle change.

C-C Boundary Condition

0.16 T T
014} 4
0.12F 1
01 1
Zo0.08f .
IS
Local Nonlocal
006F Fyf e NonlocalFEM 1
= = DM.Zigzag %
0.04} —-=- DM, Armchair 4
i fp=7;2=0‘1nm2 3
0.02} 3 R=0.5nm e
0 . L N L
0 0.2 04 » 06 0.8 1
(a)
C-F Boundary Condition
0.6 T T T
Local,Nonlocal
-------- NonlocalFEM
= = DM.Zigzag
0.5F —eoe DM, Armchair
,u.—?jz—l). Inm’
R=0.5nm
04F 1
—
3
£ 03} 1
=5
0.2F b
01Ff 1
0 ) ) M L
0 0.2 04 Z 0.6 0.8 1

(b)
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C-F Boundary Condition

1.2 T T
—— Local,Nonlocal
------- NonlocalFEM
1F - = DM, Zigzag
----- DM, Armchair
;t='n2=0. Inm’
0.8t R=0.5nm
Eosf
[R=3
04 1
02 4
0 N L L 2
0 0.2 04 _ 06 0.8 1
z
(9

Figure 6- Comparison of the results of integral

nonlocal finite elements and duablet mechanics
(DM) for nanotubes (a) and (b) uniform moment
load (c) concentrated moment load at the free end
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Chirality effects on nanotubes under (a)

uniform moment load (b) linear moment load (c)
concentrated moment at the free end

In Figure 8, the effect of the scale parameter on the
dimensionless angular displacement for nanotubes

is investigated. The

dimensionless angular

displacement of DM for zigzag and armchair is




(rad)

Q-

14

Mohammad Reza Ebrahimian

larger than the local dimensionless angular
displacement. While the nonlocal dimensionless
angular displacement corresponds to its local value
and the nonlocal theory provides a scale-
independent response, DM predicts the softening

of the nanotube as the scale parameter increases.
C-C Boundary Condition

0.25 T T
0.2 E
015 -
=
£
k4
o1r & Fr R=0.5nm Y ‘Q |
¥
1'5 f,, TLocal, Nonlocal \f";;' LY
ﬁ.—f’ — = DM.Zigrag.;*=0.142nm* “’-ﬁk\
0.05F ,A__.*‘: —a DM,Zigm&Lsz:Lmnz . b ]
. =DM, Armchair, ;) "=0.142nm” A
"'""''DMﬂff\rmcl'mir,w}'2:lnm2
0 L ) L A
0 0.2 04 z 0.6 0.8 1
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C-F Boundary Condition
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Figure 8- Scale parameter effects on nanotubes (a)
and (b) uniform moment load (c) and (d) linear
moment load (e) concentrated moment load at the
free end

11 Summary and conclusion

In this paper, the static torsion of nanotubes has
been investigated. The governing equations have
been obtained by using the shell equilibrium and
DM equations and have been solved by expanding
the angular displacement based on scale parameter
terms for different boundary conditions. The
following results have been obtained:

1. Ifthe scale properties are important in
the analysis of nanotubes, the chirality
effect is equally important. Therefore,
the chiral angle should be considered in
the calculations. This fact is clearly
shown by DM.

2. An analytical response dependent on the
scale effect and chiral angle is provided
for the torsion of nanotubes. While the
differential nonlocal theory for uniform,
linear and concentrated moment
loadings at the end results in scale free
responses.

3. Dimensionless angular displacement for
nanotubes under uniform, linear and
concentrated moment load at the end
and various boundary conditions
increases with the increase of the scale
parameter and shows the softening of
the nanotube. This prediction agrees
with the results of integral nonlocal finite
element method and MD simulation.
While the prediction of nonlocal
differential and local theories coincide
and are independent of chirality and
scale parameter.

4. Angular displacement decreases with
increasing chiral angle. Also, the angular
displacement of Zigzag is more than that
of Armchair for various types of loads
and boundary conditions. In other
words, Armchair nanotube has more
torsional stiffness compared to Zigzag.
These results are confirmed by MD
simulation.
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