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Rehabilitation robots are advanced systems designed to assist injured
individuals by providing targeted support and facilitating therapeutic
exercises, thereby helping to improve physical functions following
injuries or medical interventions. This study focuses on the modeling and
controller design of a rehabilitation robot. In the modeling section, the
robot is considered as a planar three-degree-of-freedom serial robot to
enable the actuation of the hip, knee, and ankle joints. The dynamic model
of the robot is derived using the Euler-Lagrange method. Furthermore,
with the increasing emphasis on robot-assisted rehabilitation, the need
for adaptive control systems to tailor treatment to the individual needs of
patients has become critically important. Therefore, due to the variability
and uncertainty of the robot parameters, an adaptive controller is
employed. In addition, considering the presence of noise in sensor data
and disturbances arising from the interaction between the robot and the
patient, a High-Gain Observer is used to estimate the system state
variables, and a disturbance observer is utilized to estimate and
compensate for disturbance effects. The simulation results show that, in
the nominal case without sensor noise and external disturbances, the
mean tracking errors of the hip, knee, and ankle joints are 0.0025, 0.0024,
and 0.0039 rad, respectively. When sensor noise and external
disturbances are applied without observers, the adaptive controller alone
becomes unstable. By incorporating the High-Gain Observer and
nonlinear disturbance observer, the mean tracking errors are limited to
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0.004, 0.017, and 0.025 rad for the three joints, respectively, remaining
below 0.05 rad.

Keywords: Lower-limb rehabilitation robot, adaptive controller, High-
Gain Observer, nonlinear disturbance observer .

1-1 Introduction

With the advancement of robotics, robots can be found in a wide range of applications. One of
the important applications of robots is in the medical field, particularly in rehabilitation.
Rehabilitation robots are designed to assist individuals with various motor impairments resulting
from injuries, surgeries, or neurological conditions. Analysis of data from the Global Burden of
Disease (GBD) study in 2019 showed that the number of strokes increased by 70% between 1990
and 2019 [1]. Especially with the growth of the elderly population and people with disabilities,
and the increasing prevalence of conditions affecting mobility, rehabilitation care has become
increasingly important [2-4].

Research has shown that patients can regain a significant portion of their functional abilities
through occupational therapy. For this reason, physiotherapists help patients achieve this goal
more rapidly by designing appropriate exercises. However, performing these exercises without
assistance is difficult for many patients. In such circumstances, rehabilitation robots assist patients
and have been developed as dynamic tools to support, enhance, and accelerate the rehabilitation
process.

The use of robots requires appropriate control systems, and extensive research has been conducted
in this area. Du et al. proposed an advanced adaptive control method for a lower-limb
rehabilitation robot using brain signals [5]. The results of their experiments showed that the
designed system was able to effectively reduce trajectory tracking errors. Tu et al. designed a
control system for a lower-limb rehabilitation robot based on an adaptive sliding mode control
method with variable admittance [6]. They demonstrated that their proposed controller achieved
higher accuracy compared to conventional sliding mode controllers. Gao et al. designed an
admittance-based control system using a particle swarm optimization metaheuristic algorithm [7].
Their results indicated that this algorithm enhanced human-robot interaction, increased
flexibility, and enabled improved walking performance.

In all three of the aforementioned studies, the robots were considered for hip and knee
rehabilitation. In other words, these studies focused on the design of controllers for two-degree-
of-freedom robots. Moreover, the effects of noise on system performance were not investigated
in these studies.
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The present study focuses on the modeling and control of a three-degree-of-freedom lower-limb
rehabilitation robot. To this end, Section 2 of the paper addresses the modeling of the dynamic
behavior of the three-degree-of-freedom robot. Due to variations in patient dimensions and
conditions, patient-robot interaction, and other external factors, the robot under consideration
exhibits significant uncertainty in its physical parameters. Therefore, designing a controller that
ensures proper robot performance in the presence of these uncertainties is essential.

In Section 3, an adaptive controller is designed to address this challenge. Considering the presence
of noise in position sensor data, a High-Gain Observer (HGO) is proposed to estimate the system
state variables. Finally, to compensate for disturbances acting on the system (or the effects of
patient—robot interaction), a nonlinear disturbance observer is employed. The designed control
system is simulated using MATLAB software, and the results are analyzed and discussed in the
final section.

1-2 Dynamic Modeling of the Rehabilitation Robot

The robot under consideration is modeled as a planar three-degree-of-freedom robot. The
dynamic equations governing the dynamics of serial robots can be expressed as

M(q)G+C(q,q)g+G@) =t 1)
where M € R™™ is the robot inertia matrix, C € R™*™ is the Coriolis matrix, and G € R" is the

gravity effects vector. Figure 1 illustrates a schematic of a rehabilitation robot modeled as a planar
three-degree-of-freedom serial robot.
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Figure 1: Schematic of the robot.

For a planar three-degree-of-freedom robot, the elements of the above matrices and vectors are
given as

M(1,1) = 0(1) + 6(2) + 6(3) + 20(4)c, + 20(5)cys + 20(6)cs
M(2,2) = 6(2) + 6(3) + 20(6)cs
M(3,3) = 6(3)

M2,1) =M(1,2) =6(2)+0(3) +0(4)c, + 0(5)cy3 + 20(6)cy )
M(3,1) =M(1,3) =6(3) +6(5)cy5 + 0(6)cy

M(3,2) =M(2,3)=6@3) +6(6)cs

C(1,1) = —0(4) G252 — 0(5)(q2 + q3)S23 — 0(6)q35;

C(2,2) = —6(6)qss3

€c3,3)=0

C(2,1) = 6(4)q,15, + 0(5)G1523 — 0(6)q353

C(1,2) = =04 (41 + q2)52 — 0(5)(q1 + G2 + q3)523 — 0(6)q353 3)

C(3,1) = 0(6)(41 + q2)53 + 0(5)q1S23
C(1,3) = —(6(6)s3 + 0(5)s23) (41 + 2 + q3)
C(3,2) = 6(6)(41 + q2)s3

C(2,3) = -0(6)s3(q1 + 42 + q3)
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G(1) =0(7)c; +0(8)ciz +6(9)crz3
G(2) =0(8)cyz +0(9)cyas3 4)
G(3) = 6(9cyzs

In the above equations, the values of 8(i) are given in Eq. (7), where m; <[; <[; and a; represent the mass,
moment of inertia, link length, and the location of the link center of mass, respectively. In addition, s;; =

sin(q; + q;) and c¢;; = cos(g; + q;) . It can be shown that the dynamics of a serial robot are linearizable
with respect to its physical parameters. In other words:

M(q)j +C(q,9) + G(q) =Y(q,4,4)0 ()

where the matrix Y € R™*? is called the regressor matrix, and 8 € RP is the vector of the robot’s physical
parameters. The elements of the regressor matrix and the parameter vector are given by

Y(1,1) =4y

Y(1,2) =Y(2,2) = 4, + G

Y(1,3) =Y(23)=YB3) =4 + G, + s

Y(1,4) = ¢;(24; + G2) — 5,(241G, + G3)

Y(1,5) = ¢33(24; + G2 + G3) — 5232014, + 26143 + 24243 + 45 + 45)

Y(1,6) = ¢3(24; + 24, + §3) — 53(2G1G5 + 24245 + 43)

Y(2,4) = c3G1 + 5,47

Y(2,5) =Y (3,5) = cp36; + 52347

Y(2,6) = c3(2G; + 24, + G3) — 53(24143 + 24245 + 45)

Y(3,6) = ¢3(Gy + G2) + 53(41 + G2)?

Y(1,7) =¢,

Y(1,8) =Y(2,8) =cy,

Y(1,9) =Y(2,9) =Y(3,9) = ¢33

YRD=Y27)=YB1=Y32)=YB4)=Y3,7)=Y38) =0

0(1) =mya? + myl? + myl? + 1,

0(2) = mya2 + mgls + 1,

0(3) =mza + 1,

0(4) = mylia, + malil,

0(5) = myaszl, (7

0(6) = myazl,

0(7) = g(mya, + myly + msly)

0(8) = g(mya, + msly)

8(9) = gmsas

6)
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1-3 Design of a Passivity-Based Adaptive Controller

The structure of rehabilitation robots is generally designed to be adjustable in size so that it can
be used for different patients. As a result, the physical parameters of the robot are variable. This
variability leads to uncertainty in the physical parameters and obliges the designer to employ an
adaptive controller. Accordingly, this section is devoted to the design of an adaptive controller
for the robot.

If the desired input for the robot is considered as q, the tracking error is defined ase = q — q4
In addition, the variables v and s are defined according to Egs. (8) and (9), respectively

v =qq—No(q — qa4) (8)
s=qg—v==¢e+Age 9

where A, € R™™ is a constant matrix with positive and real eigenvalues. Therefore:

M(q)$ + C(q,q)s
=t—-M(q)v+C(q,9)v—G(q) (10)
21-Y(q,94, 9,94, Gq)0"

In the above equation, 6" has constant values. The control law is defined as

T =Y(q,9a, 9, 9a,Ga)0 — Kps (11)
é = _F_lyT (ql da, q' C‘Id' qd)s (12)

where 0 < K, = KJ € R™™and 0 < T' =TT € RP*P It can be shown that, by using the defined

control law, the closed-loop system possesses global stability. For this purpose, the Lyapunov
candidate function is chosen as given in Eq. (13).

V(s,8) = 5 (s Ms +715) (13)

where 8 = @ — 9* . By differentiating the Lyapunov candidate function, we obtain:

] . (14)



Adaptive Control of a Lower-Limb Rehabilitation Robot Using High-Gain and Disturbance Observers Under Sensor Noise and 3
External Disturbances

= —sTKps+ 67 (YTS + F@)
=—sTK,s <0

It should be noted that, first, g=20 ,and second, M — 2C is a skew-symmetric matrix; therefore,
sT(M —2C)s = 0.

1-4 High-Gain Observer (HGO) Design

Since the sensors used in robots are generally intended to measure joint angles, the angular
velocities required in the control system must be obtained from the position signal. However, due
to the presence of noise in the position measurement, direct differentiation to compute angular
velocity leads to system instability. Therefore, in this section, for a system with a state-space
representation in the form of Eq. Error! Reference source not found., a high-gain observer is
proposed to estimate the state variables according to Eqg. (16) [8].

x=f)+g@)u
y = h(x)
=f@+g@u+Hly —h(@)] (16)

(15)

In Eq. (17), X denotes the estimated value of the system state variables, and H is the observer
gain.

1-5 Disturbance Observer Design

Due to the interaction between the robot and the patient, an additional torque arises on the joints
beyond the torque applied by the robot actuators (u = 7 + d). This torque can be reasonably
approximated as a constant disturbance (d) In this section, in order to estimate and compensate
for this disturbance, the observer proposed in [9, 10] is employed (Eq. (17)).

Z=—Lag(x)z — Lq[f (x) + g(x) (1 + p(x))] (17)

d=z+pk)
In the above equation, d is the estimated disturbance, z is the internal state variable of the
observer, p(x) is the auxiliary vector, and L, is the observer gain matrix. Moreover, Egs. (18)
and (19) hold for the auxiliary vector and the observer gain, respectively.
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La(x) = agg"(x),

7 18
970 = (g" g ™) " g" () =
a
La() = 5-p(@) (19)
If e; = d — d , then we have:
é,=d—d

_ op(x) B

dx (20)

= —Lag(X)z — Lg[f(x) + g (r + p(0))] + Lalf () + g(x)(z + )]
= —Lag(x)d + Lag(x)d
=—Lqg(X)eq

From Eqg. (20), it can be inferred that the proposed observer is able to estimate a constant
disturbance, provided that for the selected L; Eq. (20) is asymptotically stable. For the robot
under consideration, if the state variables are defined as x = [q, ¢]” , the matrices f (x) and g (x)
are obtained accordingly and are given in the form of Egs. (21) and (22).

_ Ops

e = [—M'l(q)(C(q, D+ G(q))] (21)
0

90 = [M-31(3q) 22)

1-6 Results

In this section, the simulation and evaluation of the designed controller are addressed. For this
purpose, the robot parameters are considered according to the values given in Table 1.

Table 1: Physical Specifications of the Rehabilitation Robot

Unit Value Parameter
0.967 m,
kg 0.605 m,
0.721 ms
1 I
kg.m? 1 L
0.530 Iy
m 0.520 L
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0.405 I,
0.213 I
0.260 a
0.202 a,
0.106 as

The reference input and the disturbance are considered according to Eqgs. (23) and (24),
respectively. In addition, the sensor noise was modeled using band-limited Gaussian white noise
with zero mean, a sampling time of 0.01 s, and a standard deviation of 0.01 rad for each joint
position measurement. This value corresponds to approximately 0.57°, which is consistent with
practical joint-angle measurement uncertainty in rehabilitation systems when sensor resolution,
guantization, mounting misalignment, calibration error, and electrical noise are considered.

[— a- cos(nt))]

|12
= Z(cos(nt) -1 | (23)
l ™
> + — sm(nt) J
[0505 —-0.25]" (24)

The disturbance represents an external joint torque caused by patient-robot interaction and
unmodeled external effects. Therefore, its unit is N.m.

The controller and observer gains were selected through a step-by-step tuning procedure. First,
Aywas chosen based on the desired convergence rate of the filtered tracking error s = é + Age.
A larger value of A, improves tracking speed but may increase the required control torque. In this
study, A, = 1013 was selected as a compromise between tracking performance and control
smoothness. Next, K, was tuned to damp the filtered error dynamics. The value K, = 7I3
provided sufficient damping without generating excessive control effort. The adaptation matrix
was set to T' = 0.11°, which resulted in stable parameter adaptation without high-frequency
oscillations. The high-gain observer was tuned using a second-order pole-placement approach.
By selecting an observer bandwidth of w, = 10 rad/s, the observer gains become h; = 2w, =
20 and h, = w2 = 100, leading to H = diag([2013,10013]). This choice provides a balance
between fast state estimation and noise amplification.

The disturbance observer contains one main tuning coefficient, denoted by a,. The auxiliary
function was selected as p(x) = ayq. Therefore, Ly (x) = dp(x)/ 0x = [03x3 ; agl®]. Since the
input matrix of the robot is g(x) = [03x3 ; M~1(q)]", the disturbance estimation error dynamics
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are obtained as é; = —az;M~1(q)e,. Because M(q) is positive definite, M~1(q) is also positive
definite; therefore, the disturbance estimation error converges asymptotically for any a; > 0.
Increasing a; accelerates disturbance estimation but may increase noise sensitivity. In this study,
ay = 20 was selected as a compromise between fast disturbance estimation and robustness
against sensor noise. Therefore, L(x) = 20/M~'(q) and p(x) = 20/3x, where [} € R™!
denotes the identity matrix.

The simulation results of the designed system are presented in Figures 2 to 5. Figure 2 shows the
reference input and the outputs of the position sensors mounted on the joints. Figure 3 illustrates
the controller output (control effort) for all three joints. In order to compare the derivative of the
position sensor signal with the angular velocity estimated using the high-gain observer, the
corresponding plots for the hip joint are provided in Figure 4. Finally, Figure 5 depicts the
disturbance applied to the system and its estimated value.

30 - —System Output
25 - ~Reference Inpu
w020
-
—15 -
=

0 2 4 6 8
Time [sec]
(@)
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Figure 2: Reference input and system output for the joints:
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Figure 3: Control effort for all three robot joints.
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Figure 4: Comparison between the derivative of the hip joint position signal and the value estimated
using the high-gain observer.

N
S
=



Adaptive Control of a Lower-Limb Rehabilitation Robot Using High-Gain and Disturbance Observers Under Sensor Noise and 3
External Disturbances

4 —dy —dy—

03 " F' i v'ﬂll“l M
i 1 ' l r “ll Jil
“ I\

I |
F[I

.|. i)

. ‘]| T

Disturbance [N.m]

1
&
h

=
[\
E =N
=

8

Time [sec]
Figure 5: The disturbance applied to the system and the values identified using the disturbance
observer.

In order to evaluate the performance of the designed control system, the mean tracking error is
defined according to the following equation.

ty
e;(t)dt
E = fo‘i i=123 (25)
tr

where ¢ denotes the simulation time which is 10 seconds for all simulations. Accordingly, the
simulation results obtained under different conditions are presented in Table 2.

Table 2: Control system error under different conditions.

E3 E, E; Conditions
Without noise and

0.0039 | 0.0024 | 0.0025 disturbance —
without observer

With noise and
Unstable disturbance —
without observer

£'T JoMa1Ady
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With noise and
0.0245 | 0.0167 | 0.0033 disturbance — with
observer

It is observed that when noise and disturbances are added to the system, the adaptive controller
alone is not able to maintain system stability. However, by incorporating observers, the tracking
error is significantly reduced. Moreover, in the presence of noise and disturbances and with the
use of observers, the maximum errors of the joints are respectively equal to 0.01 rad, 0.03 rad,
and 0.05 rad. It should be noted that, the errors of Joints 2 and 3 are larger than Joint 1 because
these distal joints are more strongly affected by dynamic coupling, gravity terms, and propagation
of estimation errors through the serial-chain dynamics.
For comparison, a sliding mode controller, defined in Egs. (26) and (27), is designed and
simulated.
S = —k|S|Psgn(S) (26)

T=M(S+aé, +ds) +C(q, g+ G(q) (27)
Where S is the sliding surface; sgn(-) is the sign function; k =8, a = 6 and p = 0.15 are
controller parameters. Results show that the mean tracking error for this controller without
applying any disturbance and sensor noise are E; = 0.0024, E, = 0.0036, and E; = 0.0069
which are higher than error of the proposed adaptive controller in the same condition. Moreover,
the sign function causes chattering in the control effort signal that may damage the actuators.

1-7 Conclusion

This paper presented the dynamic modeling and adaptive control of a three-degree-of-freedom
lower-limb rehabilitation robot. The robot was modeled as a planar serial mechanism representing
the hip, knee, and ankle joints, and a passivity-based adaptive controller was designed to address
uncertainty in the physical parameters. To account for practical sensing and interaction effects, a
HGO was used to estimate the state variables from noisy position measurements, and a nonlinear
disturbance observer was employed to estimate and compensate external joint torques caused by
patient-robot interaction. In the nominal case without noise and disturbance, the mean tracking
errors of the three joints were 0.0025, 0.0024, and 0.0039 rad, respectively. When noise and
disturbances were added without observers, the adaptive controller alone became unstable. After
adding the HGO and disturbance observers, the mean tracking errors were reduced to 0.0033,
0.0167, and 0.0245 rad, respectively, demonstrating that the proposed observer-based adaptive
structure can maintain stable tracking with errors below 0.05 rad. Future work will focus on
experimental implementation on a physical rehabilitation platform, validation using realistic
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sensor data and patient-interaction forces, and extension of the control framework to a six-degree-
of-freedom lower-limb rehabilitation robot.
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